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We exploit structure like low-rankness all the time

Low-rank Adapters

Data & Model 
Compression

Interpretability Probabilistic Circuits

Factor Graphs, 

Graphical Models

Tensor Factorizations



Structure for tractable computation
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We can exploit structure (low-rank, sparsity, etc) in data & models for …

        Compact representations,

        Efficient parameterization & training,

        Efficient computation of models, … 

      but also for…

        Tractable reasoning about models



Outline
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1. Probabilistic circuits – How structure enables tractable inference

2. A compositional view of inference – How tractable inference algorithms can 

be derived systematically

3. Tractable reasoning for distributional robustness
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Imagine a probability distribution 
𝑃(𝑥1, 𝑥2, 𝑥3)
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Tensor factorization

(e.g. CP)
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Imagine a probability distribution 
𝑃(𝑥1, 𝑥2, 𝑥3)

Tensor factorization

(e.g. CP) as a circuit

Check out the tutorial: https://april-tools.github.io/aaai25-tf-pc-tutorial 

https://april-tools.github.io/aaai25-tf-pc-tutorial
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computational graphs that recursively define probability mass/density functions

𝑝 𝑋1 = 𝑤1𝑝1 𝑋1 + 𝑤2𝑝2(𝑋1)

⇒ mixtures

𝑝 𝑋1, 𝑋2 = 𝑝 𝑋1 ⋅ 𝑝(𝑋2)

⇒ factorizations

Probabilistic circuits (PCs)
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Probabilistic circuits (PCs)

Compute 𝑝 𝐗  by simple feedforward evaluation

10



Tractable inference

• Structural properties enable tractable inference of different queries

     polytime in the size of circuit (# edges)

• E.g., marginal & conditional inference takes linear time in the circuit size for 

smooth and decomposable PCs

11

“What’s the diagnosis if some test results are missing?”



Decomposability

• A product node is decomposable if its children are defined on disjoint sets of 

variables (i.e. their scopes are mutually exclusive)

decomposable circuit non-decomposable circuit

Darwiche and Marquis, “A Knowledge Compilation Map”, 2002 12



Smoothness

• A sum node is smooth if its children are defined on the same variables

smooth circuit non-smooth 
circuit

Darwiche and Marquis, “A Knowledge Compilation Map”, 2002 13



smooth and decomposable PC =>

compute any marginal by a single evaluation

e.g. 𝑝 𝑥2, 𝑥4 = ∫ 𝑝 𝑥1, 𝑥2, 𝑥3, 𝑥4  𝑑𝑋1𝑋3e.g. 𝑝 𝑥2, 𝑥4 = ∫ 𝑝 𝑥1, 𝑥2, 𝑥3, 𝑥4  𝑑𝑋1𝑋3

Tractable marginals

14



Outline
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1. Probabilistic circuits – How structure enables tractable computation

2. A compositional view of inference – How tractable inference algorithms can 

be derived systematically

3. Tractable reasoning for distributional robustness



16

max
𝒙

෍

𝒚~𝒆

𝑝(𝒙, 𝒚)

Marginal MAP inference

Can we systematically derive efficient algorithms and circuit conditions for each query?

Inference as composition of operations!

Given a new inference task, e.g.,

෍

𝒙

𝑝 𝒙 log
𝑝 𝒙

𝑞(𝒙)

KL divergence

෍

𝒙

𝑝 𝒛 𝑝(𝒚|𝒙, 𝒛)

Causal inference 
(backdoor adjustment) …and more…

− ෍

𝒙

𝑝 𝒙 log 𝑝 𝒙

Entropy



𝕂𝕃𝔻(𝑝 ∥ 𝑞) = ∫ 𝑝(𝒙) × log((𝑝(𝒙)/𝑞(𝒙))𝑑𝑿𝕂𝕃𝔻(𝑝 ∥ 𝑞) = ∫ 𝑝(𝒙) × log((𝑝(𝒙)/𝑞(𝒙))𝑑𝑿𝕂𝕃𝔻(𝑝 ∥ 𝑞) = ∫ 𝑝(𝒙) × log((𝑝(𝒙)/𝑞(𝒙))𝑑𝑿𝕂𝕃𝔻(𝑝 ∥ 𝑞) = ∫ 𝑝(𝒙) × log((𝑝(𝒙)/𝑞(𝒙))𝑑𝑿

Queries as pipelines

∫

𝕂𝕃𝔻(𝑝 ∥ 𝑞) = ∫ 𝑝(𝒙) × log((𝑝(𝒙)/𝑞(𝒙))𝑑𝑿

17Vergari, Choi, Liu, Teso, and Van den Broeck, “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”, NeurIPS 2021



𝐻(𝑝, 𝑞) = ∫ 𝑝(𝒙) × log(𝑞 𝒙 )𝑑𝑿

⇒ we can reuse the 
operations!

Queries as pipelines

18Vergari, Choi, Liu, Teso, and Van den Broeck, “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”, NeurIPS 2021



Tractable circuit operations

smooth,
decomposable,
deterministic

smooth,
decomposable

19Vergari, Choi, Liu, Teso, and Van den Broeck, “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”, NeurIPS 2021

…while maintaining some 
circuit properties?

…to efficiently perform 
the operation…

Which conditions 
are needed…



Inference by tractable operations

systematically derive tractable inference algorithm of complex queries

20Vergari, Choi, Liu, Teso, and Van den Broeck, “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”, NeurIPS 2021



Compositional inference algorithms

21



Algebraic circuits
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Let 𝒮 = (𝑆,⊕,⊗, 0𝒮 , 1𝒮) be a commutative semiring. An algebraic circuit 𝐶 over 𝒮 

recursively defines 𝑓: Assign 𝐗 → 𝑆 as a computation graph of ⊕ and ⊗

(ℝ≥0, +,×, 0,1)

({⊥ ⊤},∨,∧, ⊥, ⊤)



Algebraic queries…
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max
𝒙

෍

𝒚~𝒆

𝑝(𝒙, 𝒚)

Marginal MAP
for a PC p(X,Y)

Anatomy of MMAP: • 𝒚~𝒆: product with logical circuit 𝒀~𝒆

• σ𝒚: summation over semiring (ℝ≥0, +,×, 0,1)

• max
𝒙

: summation over semiring (ℝ≥0, max,×, 0,1)

…as composition of operations…

Wang, Maua, Van den Broeck, and Choi, “A Compositional Atlas for Algebraic Circuits”, NeurIPS 2024



Algebraic queries…
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…and reuse operations

…as composition of operations…

෍

𝒙

𝑤 𝒙 ෍

𝒚~𝒒

𝜙(𝒙, 𝒚)

σ𝒚′ 𝜙 𝒙, 𝒚′

Probabilistic answer set programming inference 
(maximum entropy semantics)

Wang, Maua, Van den Broeck, and Choi, “A Compositional Atlas for Algebraic Circuits”, NeurIPS 2024
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[10]

[11]

2AMC [Kiesel et al., 2022] Causal inference

Improves on previously best-known 
custom algorithms!

Wang, Maua, Van den Broeck, and Choi, “A Compositional Atlas for Algebraic Circuits”, NeurIPS 2024



Outline
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1. Probabilistic circuits – How structure enables tractable computation

2. A compositional view of inference – How tractable inference algorithms can 

be derived systematically

3. Tractable reasoning for distributional robustness



Robust Maximum-Likelihood Learning
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Maximum-likelihood estimation: given a set of samples {𝒙𝑖}𝑖=1,…,𝑁 forming an empirical 

distribution ෠𝑃(𝑿), learn the model 𝑃 that maximizes (log-)likelihood

max
𝑃

𝔼 ෠𝑃 [log 𝑃(𝑿)]

However, often not reliable under data noise/perturbations or distribution shifts

Robust Maximum-likelihood learning: maximize likelihood wrt the worst-case distribution 
𝑄 within 𝜖-Wasserstein ball of ෠𝑃



If P and Q are PCs with compatible structure, we can construct coupling circuits,

and minimize the Wasserstein objective in quadratic time (solving a series of small LPs)

Circuit-Wasserstein Distance

28Ciotinga and Choi, “Optimal Transport for Probabilistic Circuits”, UAI 2025 



Compatibility

support polytime products

29



PeTeR: Post-training Robustification of PCs

30

Given a pre-trained PC ෠𝑃, learn the PC parameters 𝑃𝜃 that guarantees high likelihood on the 

worst-case distribution 𝑄𝜑 within 𝜖-Circuit-Wasserstein ball of ෠𝑃.

30Ciotinga, Dai, and Choi, “PETER: Post-Training Robustification of Probabilistic Circuits”, 2026

Note: updates a pre-trained PC. No training data needed!

Solve the equivalent Lagrangian problem by gradient descent-ascent

Tractable expectation, circuit-Wasserstein, & gradient computation thanks to compatibility!



Ciotinga, Dai, and Choi, “PETER: Post-Training Robustification of Probabilistic Circuits”, 2026

PeTeR improves the performance of pre-trained PCs on adversarially- and randomly-

perturbed datasets, and frequently outperforms baseline robust learning method

randomly-
perturbed

adversarially-
perturbed

Peddi, Rahman, and Gogate, “Robust learning of tractable probabilistic models”, UAI 2022
31



Takeaways

32

1. Probabilistic circuits – How structure enables tractable computation

2. A compositional view of inference – How tractable inference algorithms can 

be derived systematically

3. Tractable reasoning for distributional robustness

What was not in this talk:
• How to build/learn the circuits

• Expressive efficiency vs tractability trade-off 
(for both exact & approximate)



Thank you!

Thanks to my students and collaborators!
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  P (  x 1 ,  x 2 ,  x 3 )


  P (  x 1 ,  x 2 ,  x 3 )


  P (  x 1 ,  x 2 ,  x 3 )


  P (  x 1 ,  x 2 ,  x 3 )


  p  (   X 1 ) =  w 1  p 1  (   X 1 ) +  w 2  p 2 (  X 1 )


  p  (   X 1 ,  X 2 ) = p  (   X 1 ) ⋅ p (  X 2 )


  p  ( 𝐗 )


  p  (   x 2 ,  x 4 ) = ∫ p  (   x 1 ,  x 2 ,  x 3 ,  x 4 )   d  X 1  X 3


  p  (   x 2 ,  x 4 ) = ∫ p  (   x 1 ,  x 2 ,  x 3 ,  x 4 )   d  X 1  X 3


      max 𝒙 ⁡   ∑  𝒚 ~ 𝒆  p ( 𝒙 , 𝒚 )


   ∑ 𝒙  p  ( 𝒙 )   log ⁡    p  ( 𝒙 )  q ( 𝒙 )


   ∑ 𝒙  p  ( 𝒛 ) p ( 𝒚 | 𝒙 , 𝒛 )


  −  ∑ 𝒙  p  ( 𝒙 )   log ⁡  p  ( 𝒙 )


  𝕂 𝕃 𝔻 ( p ∥ q ) = ∫ p ( 𝒙 ) × log ⁡ ( ( p ( 𝒙 ) / q ( 𝒙 ) ) d 𝑿


  𝕂 𝕃 𝔻 ( p ∥ q ) = ∫ p ( 𝒙 ) × log ⁡ ( ( p ( 𝒙 ) / q ( 𝒙 ) ) d 𝑿


  𝕂 𝕃 𝔻 ( p ∥ q ) = ∫ p ( 𝒙 ) × log ⁡ ( ( p ( 𝒙 ) / q ( 𝒙 ) ) d 𝑿


  𝕂 𝕃 𝔻 ( p ∥ q ) = ∫ p ( 𝒙 ) × log ⁡ ( ( p ( 𝒙 ) / q ( 𝒙 ) ) d 𝑿


  ∫


  𝕂 𝕃 𝔻 ( p ∥ q ) = ∫ p ( 𝒙 ) × log ⁡ ( ( p ( 𝒙 ) / q ( 𝒙 ) ) d 𝑿


  H ( p , q ) = ∫ p ( 𝒙 ) × log ⁡ ( q  ( 𝒙 ) ) d 𝑿


  𝒮 = ( S , ⊕ , ⊗ ,  0 𝒮 ,  1 𝒮 )


  C


  𝒮


  f : Assign  ( 𝐗 ) → S


  ⊕


  ⊗


  (  ℝ  ≥ 0 , + , × , 0 , 1 )


  ( { ⊥ ⊤ } , ∨ , ∧ , ⊥ , ⊤ )


      max 𝒙 ⁡   ∑  𝒚 ~ 𝒆  p ( 𝒙 , 𝒚 )


  𝒚 ~ 𝒆


   ⟦  𝒀 ~ 𝒆 ⟧


   ∑ 𝒚  :


  (  ℝ  ≥ 0 , + , × , 0 , 1 )


      max 𝒙 ⁡ :


  (  ℝ  ≥ 0 , max , × , 0 , 1 )


   ∑ 𝒙  w  ( 𝒙 )  ∑  𝒚 ~ 𝒒    𝜙 ( 𝒙 , 𝒚 )   ∑   𝒚 ′  𝜙  (  𝒙 , 𝒚 ′ )


    {  𝒙 i }  i = 1 , … , N  


   P ^ ( 𝑿 )


  P


      max P ⁡   𝔼   P ^ [   log ⁡  P ( 𝑿 ) ]


  Q


  𝜖


   P ^


   P ^


   P 𝜃  


   Q 𝜑


  𝜖


   P ^

