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Abstract12

We introduce Tree Decision Diagrams (TDD) as a model for Boolean functions that generalizes13

OBDD. They can be seen as a restriction of structured d-DNNF; that is, d-DNNF that respect14

a vtree T . We show that TDDs enjoy the same tractability properties as OBDD, such as model15

counting, enumeration, conditioning, and apply, and are more succinct. In particular, we show16

that CNF formulas of treewidth k can be represented by TDDs of FPT size, which is known to17

be impossible for OBDD. We study the complexity of compiling CNF formulas into deterministic18

TDDs via bottom-up compilation and relate the complexity of this approach with the notion of19

factor width introduced by Bova and Szeider.20
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1 Introduction31

Knowledge compilation is the systematic study of different representations of knowledge,32

often in the form of Boolean functions, but also for preferences [23], actions in planning [28],33

product configuration [36, 7], databases [25], etc. To compare different data structures34

representing the same type of data, following the groundbreaking work of Darwiche and35

Marquis [21], one analyzes them with respect to a list of potential desirable properties that36

they might have, generally a set of tractable operations and queries on them. There is a37

general observed trade-off between usefulness (what can one do efficiently with the data38

structure?) and succinctness (how small is the representation in a specific form?): on one end39

of the spectrum, there are representations like OBDD that allow many useful operations but40

are rather verbose. On the other end, there are, e.g., DNNF that are far more succinct but41

allow only a few operations efficiently. Knowledge compilation explores the space between42
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these two extremes and aims to provide representation languages with different trade-offs for43

different applications.44

An important operation in knowledge compilation is the apply operation which, given45

two representations of the same format, computes a representation of a target Boolean46

combination: most importantly, their conjunction. OBDD [14] and SDD [20] are the most47

prominent knowledge compilation languages that support it. The apply operation is of special48

practical importance because it is often used as the basis of bottom-up compilation of systems49

of constraints into a different target representation. The idea is to first compile the individual50

constraints into the target format and then iteratively conjoin them with the apply operation.51

In particular, this is the most common approach for constructing OBDD [35] and SDD [16].52

To avoid size blow-ups during bottom-up compilation, it is common to try to shrink the53

currently compiled form, which for OBDD is possible because they can be turned into a54

canonical minimal form, i.e., a form of minimal size and unique, up to isomorphism, among55

all equivalent OBDDs with the same variable order. Canonicity is also useful to efficiently56

test equivalence between two given OBDDs. For SDD, which are in general exponentially57

smaller than OBDD [11], the situation is more complicated [38]: while they have a canonical58

form, it is not minimal and can, in fact, be exponentially larger than the smallest equivalent59

SDD. Moreover, canonical SDDs are not stable under conjunction, as the conjunction of two60

canonical SDDs can become exponentially larger than each after canonization.61

In this paper, we introduce and analyze a new knowledge compilation language which we62

call Tree Decision Diagrams (TDD). We show that TDD have various desirable properties of63

OBDD, such as having an efficient apply algorithm, a canonical form that is also minimal, and64

an efficient algorithm to find it for any given non-minimal TDD. We show that, as is the case65

for OBDD, the size of a canonical TDD can be characterized by certain subfunction counts66

which gives a very clean understanding of which functions can efficiently be compiled into a67

TDD. We highlight that, in contrast to SDD, canonical TDD can be efficiently combined via68

apply into a new canonical TDD.69

Since TDD have efficient apply and minimization algorithms, they are a good target70

language for bottom-up compilation. As a proof of concept, we present a simple algorithm71

that efficiently compiles CNF formulas and circuits of bounded treewidth. While compilation72

results in this setting were known before [19, 27, 12, 4, 13], our approach compiles into a73

more restricted language with better properties. We highlight that these previous results had74

rather involved dynamic programming solutions, in contrast to our compilation algorithm75

which simply performs apply and minimization in a bottom-up fashion. Our results depend76

on the characterization by subfunction counts. However, crucially, this argument is only used77

in the analysis and not in the algorithm.78

The paper is organized as follows: Section 2 introduces necessary preliminaries. Section 379

defines the notion of TDD, Section 4 presents the transformations that are tractable for TDD.80

Section 5 contains the minimization procedures for TDD and shows that they are canonical.81

Section 6 establishes bottom-up compilation of TDD and uses it to compile bounded treewidth82

formulas and circuits. Finally, Section 7 compares TDD with other representation languages.83

Due to page limit, most of the proofs do not appear in this conference version. The proofs84

can be found in the arXiv version of this paper [15].85

2 Preliminaries86

Assignments and Boolean functions. Given two sets A and B, we denote by BA the set87

of functions from A to B. When B = {0, 1}, we will often write 2A to denote the set of88
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assignments from a set A to {0, 1}. An element τ ∈ 2A is called a Boolean assignment89

over variables A, and we will often just write “assignment” when it is clear from context90

that it is Boolean. A partial (Boolean) assignment over variables X is an element of 2Y for91

some Y ⊆ X. Given two assignments τ1 ∈ 2X and τ2 ∈ 2Y with X ∩ Y = ∅, we denote by92

τ1 × τ2 the assignment over variables X ∪ Y such that (τ1 × τ2)(z) = τ1(z) if z ∈ X and93

(τ1 × τ2)(z) = τ2(z) if z ∈ Y . We denote by ⟨x/0⟩ (resp. ⟨x/1⟩) the assignment in 2{x}
94

mapping x to 0 (resp. to 1). We will also use the notation ⟨x1/b1, . . . , xk/bk⟩ to denote the95

assignment in 2{x1,...,xk} mapping xi to bi. Given τ ∈ 2X and Y ⊆ X, we denote by τ |Y the96

assignment in 2Y such that τ |Y (y) = τ(y) for every y ∈ Y .97

A Boolean function f over variables X is a mapping from 2X to {0, 1}. An assignment τ98

such that f(τ) = 1 is said to satisfy f and is alternatively called a satisfying assignment or99

a model. Given a Boolean function f over variables X and Y ⊆ X, we denote by f |Y the100

Boolean function over variables Y whose models are {τ |Y | f(τ) = 1}. We denote by ¬f the101

negation of f and by f ∧ g (resp. f ∨ g) the conjunction (resp. disjunction) of f and g.102

Conjunctive Normal Form Formulas. Given a set X of variables, a literal over X is either103

x ∈ X or ¬x. We let lit(X) be the set of literals over X, and for ℓ ∈ lit(X), we denote by104

var(ℓ) its underlying variable (that is, x = var(x) = var(¬x)). For an assignment τ ∈ 2X , we105

naturally extend it to literals by defining τ(¬x) = 1− τ(x). A clause c is a set of literals,106

interpreted as their disjunction and written as c = ℓ1∨· · ·∨ℓk; we let var(c) = {var(ℓ) | ℓ ∈ c}.107

An assignment τ satisfies a clause c if there exists ℓ ∈ c such that τ is defined on var(ℓ) and108

τ(ℓ) = 1. A Conjunctive Normal Form (CNF) formula F is a set of clauses, interpreted109

as their conjunction and often denoted F = c1 ∧ · · · ∧ cm. We let var(F ) =
⋃

c∈F var(c).110

An assignment τ satisfies F if for every clause c ∈ F , τ satisfies c. The Boolean function111

defined by a CNF formula is the Boolean function over var(F ) whose models are exactly the112

assignments over var(F ) that satisfy F . We will often identify a CNF formula or a clause113

with the Boolean function it represents and use the notation we defined for Boolean functions114

directly on formulas. For example, we write F |= c whenever every satisfying assignment of115

F is also a satisfying assignment for c. The size ∥F∥ of F is defined as
∑

c∈F |var(c)|.116

A CNF formula can be conditioned by a partial assignment: for τ ∈ 2Y , we let F [τ ] be117

the CNF formula obtained as follows. We remove from F every clause c containing a literal118

ℓ such that τ(ℓ) = 1. In the remaining clauses, we remove every literal ℓ such that τ(ℓ) = 0.119

An assignment σ ∈ 2var(F )\Y satisfies F [τ ] if and only if σ × τ satisfies F .120

Graphs of CNF formulas. We characterize the structure of CNF formulas using graphs.121

Given a CNF formula F over variables X, the primal graph of F , denoted by Prim(F ) =122

(X, E), is the graph whose vertices are the variables of F and which has an edge {x, y} if123

and only if there is a clause c ∈ F such that x, y ∈ var(c). The incidence graph of F , denoted124

by Inc(F ) = (X ∪ F, E) is the graph whose vertices are both the variables and the clauses of125

F and which contains the edge {x, c} for x ∈ X and c ∈ F if and only if x ∈ var(c). Observe126

that Inc(F ) is bipartite. See Figure 1 for an example.127

Treewidth. We study the structure of F by analyzing the structure of Prim(F ) or Inc(F ),128

using the notion of treewidth. A tree decomposition T of a graph G = (V, E) is a tree such129

that each node t of T is labeled by a subset Bt of V , called a bag at node t. Moreover, T130

has the following properties: it is connected, that is, for every x ∈ V , the set {t | x ∈ Bt}131

is connected in T and it is complete, that is, for every edge e of G, there exists a node132

t such that e ⊆ Bt. Figure 2 shows examples of tree decompositions. The width of a tree133
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x1

x2x3

x4 x5

x6

x7 x8

x9

x10x11

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

C1 C2 C3 C4 C5 C6

Figure 1 The primal graph Prim(F ) (left) and incidence graph Inc(F ) (right) of F = C1 ∧ C2 ∧
C3 ∧C4 ∧C5 ∧C6 where C1 = (x1 ∨x2 ∨x3), C2 = (x1 ∨x4 ∨x5), C3 = (x4 ∨x6), C4 = (¬x5 ∨x9), C5 =
(x6 ∨ x7 ∨ x8), C6 = (x9 ∨ x10 ∨ x11).

x1, x2, x3

x1, x4, x5

x4, x6 x5, x9

x6, x7, x8 x9, x10, x11

C1, x1

C1, x2 C1, x2

C2, x1

C2, x4 C2, x5

C3, x4

C3, x6

C4, x5

C4, x9

C5, x6

C5, x7 C5, x8

C6, x9

C6, x10C6, x11

Figure 2 Tree decompositions for Prim(F ) (left) and Inc(F ) (right) from Figure 1.

decomposition T of G, denoted by tw(G, T ) is defined as maxt∈T |Bt| − 1 and the treewidth134

of G, denoted by tw(G), is defined to be minT tw(G, T ), where T runs over every valid tree135

decomposition of G.136

We apply the notion of treewidth to CNF formulas as follows. The primal treewidth137

ptw(F ) of a CNF formula F is defined as the treewidth of Prim(F ), while the incidence138

treewidth itw(F ) of a CNF formula F is the treewidth of Inc(F ).139

It is not hard to see that for every CNF formula F , we have itw(F ) ≤ ptw(F )+1 and that140

for every n ∈ N, there exists a CNF formula Fn such that itw(Fn) = 1 and ptw(Fn) = n− 1.141

OBDD. An Ordered Binary Decision Diagram (OBDD) over variables X is a directed142

acyclic graph C such that:143

Every node with outdegree 0 is labeled by a constant 0 or 1 and is called a sink.144

Every other node is called a decision-node. It is labeled by a variable x ∈ X and has two145

outgoing edges labeled by 0 and 1 respectively. We say that the decision-node tests x.146

C has a unique node with indegree 0 called the source.147

Moreover, there is an order (x1, . . . , xn) on X such that if g is a decision-node on xi, then148

every decision node that can be reached from g by a path tests a variable xj with j > i.149

An OBDD C over variables X represents a Boolean function over variables X as follows:150

an assignment τ ∈ 2X satisfies C if and only if there is a path P = (g0, . . . , gk) from the151

source g0 to a 1-sink gk of C such that for every i < k, the edge (gi, gi+1) is labeled by τ(x)152

where x is the variable tested by gi.153

DNNF. We assume the reader to be familiar with the notion of Boolean circuits, see [6]154

for details. A Boolean circuit C is in Negation Normal Form (NNF) if it only contains155

∧-gates and ∨-gates, and its inputs are labeled by literals. Given a gate g of C, we denote156
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by var(g) the set of variables appearing in the subcircuit rooted in g. We say that an ∧-gate157

g with inputs g1, . . . , gk is decomposable if and only if var(gi) ∩ var(gj) = ∅ for every i < j.158

A Decomposable NNF (DNNF) circuit is a circuit where every ∧-gate is decomposable. An159

∨-gate g with inputs g1, . . . , gk is said to be deterministic if and only if for every i < j,160

the models of gi and gj are disjoint. In other words, g is deterministic if for every model161

τ ∈ 2var(g) of g, there exists a unique i ≤ k such that τ is a model of gi. A deterministic162

DNNF (d-DNNF) circuit is a DNNF where every ∨-gate is deterministic. Observe that163

determinism is a semantic notion. It is actually coNP-complete to decide whether a given164

∨-gate in a DNNF is deterministic.165

In this paper, we are interested in a restriction of DNNF called structured DNNF166

(SDNNF) [26]. Structuredness is a syntactic restriction of the way an ∧-gate can split167

variables in a DNNF. It is based on the notion of variable trees (vtree for short): a vtree168

over X is a rooted binary tree T such that the leaves of T are in one-to-one correspondence169

with X. Given a node t of T , we denote by var(t) ⊆ X the set of variables labeling the leaves170

of the subtree of T rooted at t. Let t be a node of T with children t1, t2. Given an ∧-gate171

g with two inputs g1, g2, we say that g respects t if and only if it has two inputs g1, g2 and172

var(g1) ⊆ var(t1) and var(g2) ⊆ var(t2). A DNNF circuit respects a vtree T if for every ∧-gate173

g of C, there is a node t of T such that g respects t. If a DNNF circuit C respects a vtree T ,174

we say that C is a structured DNNF circuit.175

SDD. A Sentential Decision Diagram (SDD) [20] is a restriction of structured deterministic176

DNNF enjoying more tractable operations and some form of canonicity (though the canonical177

circuit is not the minimal one in this case). Proofs and definitions regarding SDD can be178

found in the arXiv version of this paper [15].179

3 Tree Decision Diagrams180

Let T be a vtree whose leaves are labeled by a set of variables X. A Non-deterministic Tree181

Decision Diagram (nTDD for short) C = (N, E) respecting the vtree T , is defined as follows:182

N =
⊎

t∈T Nt is a set of nodes, partitioned into disjoint sets Nt for each node t of T . The183

elements of Nt are called t-nodes.184

If t is a leaf labeled by x, then every node in Nt is labeled by either x, ¬x, 1 or 0.185

E maps every t-node g to its inputs: if t is a leaf, then E(g) = ∅. Otherwise, if t has186

children t1, t2, E(g) ⊆ Nt1 ×Nt2 , that is, E(g) is a set of pairs (g1, g2) such that g1 ∈ Nt1187

is a t1-node and g2 ∈ Nt2 is a t2-node.188

There is one distinguished r-node out(C), called the output of C, where r is the root of T .189

An nTDD C computes a Boolean function over X defined inductively as follows. Each190

t-node g computes a Boolean function fg over variables Xt where Xt = var(t):191

If t is a leaf, then g computes the Boolean function defined by its label: that is, if g is192

labeled by 0 then fg has no model, if g is labeled by 1 then every assignment of x is a193

model of fg, and if g is labeled by ℓ ∈ {x,¬x}, the only model of fg is the assignment194

τ ∈ 2{x} such that τ(ℓ) = 1.195

If t is an internal node with children t1, t2, then τ is a model of fg if and only if there196

exists (g1, g2) ∈ E(g) such that τ |Xt1
is a model of fg1 and τ |Xt2

is a model of fg2 . If197

E(g) is empty, we make the convention that fg = ∅ is the 0 constant function.198

An nTDD C computes the Boolean function fC defined as fout(C), the function computed in199

its output. We often abuse notation and say a model of g instead of a model of fg. Another200

way of defining fg is as fg =
∨

(g1,g2)∈E(g)(fg1 ∧ fg2). This definition allows us to see that201

SAT 2026
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t

t1 t2

x1 x2 x3 x4

.

t

t1 t2

x1 x2 x3 x4

x1¬x1 x2¬x2 x3¬x3 x4¬x4

∨
∧ ∧

∨ ∨
∧ ∧ ∧

x1 ¬x1 x2 ¬x2

∨ ∨
∧ ∧∧

x3 ¬x3 x4 ¬x4.

Figure 3 A vtree, an nTDD respecting it and the corresponding structured DNNF.

an nTDD is just a structured DNNF written in a slightly different way. We chose this202

presentation however because it is more convenient to define TDDs. In fact, every structured203

DNNF can also be rewritten as an nTDD by smoothing the circuit and ensuring that ∧-gates204

and ∨-gates alternate. The size |C| of nTDD C = (N, E) is defined as
∑

n∈N |E(n)|. The205

width of nTDD C = (N, E) respecting vtree T is defined as maxt∈T |Nt|.206

Figure 3 shows a vtree T over variables X = {x1, . . . , x4}, an nTDD C respecting T , and207

the interpretation of C as a DNNF. Its width is 2, and its size is 8. We grouped together the208

set of t-nodes for every node t of T . The assignment defined as τ(x) = 0 for every x ∈ X is a209

model of C because it is a model of every node pictured in blue.210

Another way of characterizing the models of C is via the notion of certificates. Given an211

assignment τ ∈ 2X , a certificate for τ in C is an nTDD P formed by picking exactly one212

t-node gP
t of C for every node t of T such that:213

If t is a leaf of T , then gP
t is either labeled by 1 or by a literal ℓ such that τ(ℓ) = 1.214

If t is a node of T with children t1, t2, then (gP
t1

, gP
t2

) ∈ E(gP
t ).215

The blue part of Figure 3 represents the certificate for τ , where τ is the assignment setting216

every variable to 0, which is indeed a model of the circuit. More generally, a certificate for τ217

in C is a witness of the fact that τ is a model of C:218

▶ Proposition 1 (⋆). Let T be a vtree over X and C an nTDD respecting T . For every219

τ ∈ 2X , τ is a model of C if and only if there exists a certificate P for τ in C. In particular,220

for every node t of T , τ |Xt
satisfies gP

t .221

Determinism. A TDD C = (N, E) is an nTDD respecting the following extra properties222

(which we will sometimes refer to as determinism) for every node t of T :223

If t is a leaf labeled by x, then no two nodes of Nt have the same label. Moreover, if one224

t-node is labeled by ⊤, then no t-node can be labeled by a literal. In particular, it means225

that two distinct t-nodes cannot be satisfied simultaneously.226

For all distinct g, g′ ∈ Nt, we have E(g) ∩E(g′) = ∅. That is, every pair of nodes (g1, g2)227

is the input of at most one node.228

One can verify that the nTDD from Figure 3 is also a TDD. Our notion of determinism is229

similar to others in the literature. First, it resembles the notion of determinism for bottom-up230

tree automata [17] where a pair of states from children nodes gives at most one state in the231

parent node. Similar constructions have also been used in probabilistic circuits to guarantee232

determinism, see for example [33] and MDNets in [40].233

Contrary to the notion of determinism for DNNF, the notion of determinism for TDD is234

syntactic. Therefore, it can be checked in polynomial time whether a given non-deterministic235

TDD respects the determinism property. Moreover, it induces a very strong form of determ-236

inism. We prove this with a bottom-up induction along the vtree.237
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▶ Theorem 2 (⋆). Let C = (N, E) be a TDD respecting a vtree T . For every node t of T238

and t-nodes g, g′, fg and fg′ have disjoint models. As a consequence, for every model τ of C,239

there exists a unique certificate PC(τ) for τ in C.240

Observe that a TDD of width k has size at most 2|X| · k2. Indeed, T has at most 2|X|241

nodes and each t-node can contain at most k2 pairs.242

Interestingly, we can construct the certificate for an assignment τ of C efficiently in a243

bottom-up way, or report that τ is not a model of C. To do so, we select the unique leaf244

nodes satisfied by τ and construct the certificate bottom up by selecting the unique t-node245

whose input contains the pair g1, g2 of t1-node and t2-nodes inductively constructed so far. If246

no such node exists, we report that τ is not a model of C. Using appropriate data structures247

to represent the input of each t-node, we can find the right t-node in constant time. Hence248

we can construct a certificate for τ in time O(|X|) if it exists.249

A consequence of Theorem 2 is that the DNNF interpretation of a TDD is deterministic,250

which proves that TDD is a subclass of structured d-DNNF:251

▶ Theorem 3 (⋆). Given a TDD C respecting a vtree T , one can construct a structured252

d-DNNF C ′ respecting T and computing the same function as C in time O(|C|).253

In particular, every tractable query for structured d-DNNF is also tractable for TDD.254

For example, we can efficiently compute the number of models of a TDD [21], enumerate255

them with delay O(|X|) [3] and so on.256

4 Tractable Transformations257

Since the publication of the knowledge compilation map [21], it is common in the field to258

compare newly introduced representations to others by analyzing them with respect to a259

set of standard queries and transformations. Since, due to Theorem 3, every TDD can be260

efficiently transformed into a deterministic, structured DNNF (d-SDNNF) and on those one261

can already perform all queries from [21] efficiently [26], TDDs inherit all these efficient262

queries. So we here only focus on the transformations, showing that TDD allow more efficient263

transformations than d-SDNNF, and both canonical and general SDD. In fact, TDD allow264

the same efficient transformations as OBDD.265

We give a compact description of the standard transformations in the first table of266

Figure 4; for additional discussion and justifications of these transformations see [21]. The267

main result of this section is the following.268

▶ Theorem 4 (⋆). The efficient transformations that TDD allow are as described in Figure 4.269

The proof of Theorem 4 is not too hard but rather long and tedious, so we left the details out270

(they can be found in [15]). We give some intuition here. Conditioning (CD) for a variable271

x and b ∈ {0, 1} is obtained as usual in circuits, by replacing inputs labeled by x with b272

and inputs labeled by ¬x with 1− b. The important observation is to see that it preserves273

determinism: indeed, if t is the node of the vtree labeled by x, and if there are inputs labeled274

by x or ¬x, then we know that there is no t-node labeled by 1. Then replacing inputs will275

create exactly one t-node labeled by 1, which is consistent with the definition of determinism.276

Bounded Conjunction (∧BC) is exactly the same algorithm as the one for structured277

d-DNNF circuits (see [26]), and one just has to be careful that it preserves the syntactic278

properties of TDDs. For negation (¬C), the main idea is to first make the TDD full: if C is279

a TDD respecting vtree T , we ensure that for every node t of T and assignment τ of var(t),280

there is exactly one t-node that is satisfied by τ . This can be ensured bottom-up by creating281
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9:8 A canonical generalization of OBDD

Transformation Name Description
Conditioning (CD) given a variable x and a ∈ {0, 1} compute representation for f [x/a]
Forgetting (FO) given a list x1, . . . , xℓ of variables compute ∃x1 . . . ∃xℓ f

Singleton Forgetting (SFO) same as FO, but only for a single variable
Conjunction (∧C) compute representation for

∧
i∈[ℓ] fi

Bounded Conjunction (∧BC) same as ∧C, but only two input representations
Disjunction (∨C) compute representation for

∨
i∈[ℓ] fi

Bounded Disjunction (∨BC) same as ∨C, but only two input representations
Negation (¬C) compute representation for ¬f

CD FO SFO ∧C ∧BC ∨C ∨BC ¬C references
TDD ✓ • ✓ • ✓ • ✓ ✓ this paper
OBDD ✓ • ✓ • ✓ • ✓ ✓ [21]
SDD ✓ • ✓ • ✓ • ✓ ✓ [38]
canonical SDD • • • • • • • ✓ [38]
d-SDNNF ✓ • • • ✓ • • • [26, 39]

Figure 4 Overview of the transformations from the knowledge compilation map [21] that can
be performed efficiently on different representation languages. The first table describes the trans-
formations. For all of them, either one input representation of a Boolean function f or a list of
representations of such functions f1, . . . , fℓ is given. Some transformations take additional inputs
that are stated explicitly. In the second table, a ✓ means that the operation can be performed
in polynomial time on representations from the language, whereas a • means that it takes super-
polynomial time. All negative results are unconditionally true. For all transformations, we require
that all inputs and outputs have the same vtree, resp. variable order.

a new t-node nt whose input is the list of pairs (n1, n2) which are not inputs of any other282

t-node. In the end, if r is the root of T , this creates an r-node which computes the negation283

of the TDD. See Example 5 for details. The other transformations follow from those we have284

just described. For example, (∨BC) follows from (¬C) and (∧BC) since f ∨ g = ¬(¬f ∧ ¬g).285

Similarly, SFO follows from (∨BC) and (CD) since ∃x.f = f [x/0] ∨ f [x/1].286

▶ Example 5. Figure 5 shows a TDD, in black, computing ((x1 = x2) ∧ (x3 = x4)) ∨ (¬x1 ∧287

x2 ∧ ¬x3 ∧ x4). The pair (x1,¬x2) is not the input of any t1-node and the pair (x3,¬x4) is288

not the input of any t2-node. To make the circuit full, we introduce a new t1-node and a new289

t2-node whose input are (x1,¬x2) and (x3,¬x4) respectively. These new nodes and their290

connections are represented in dashed blue in Figure 5. The models of these new nodes are291

exactly the assignments that are not a model of any other t1-node or t2-node. Similarly, we292

add a new t0-node (again, represented in dashed blue) whose inputs are all pairs of t1-nodes293

and t2-nodes that are not inputs of the only t0-node. One can see that the models of this294

new node are exactly the assignments that are not models of the original black TDD. Hence,295

this new t0-node computes the negation of the black TDD.296

5 Minimization and canonicity297

One of the most interesting features of TDD is that they can be minimized in polynomial298

time and that the minimal circuit is unique up to isomorphism, a property called canonicity.299

The minimization algorithm is similar to the minimization for OBDD: we identify in the300

circuit pairs of gates that we call twins and which can be merged without changing the301
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t1 t2

t0

x1¬x1 x2¬x2 x3¬x3 x4 ¬x4

Figure 5 A full TDD. The black nodes are the original nodes while the dashed blue ones have
been added to make the TDD full.

function computed by the circuits. We repeat this merging procedure until no twins can be302

found anymore. The circuit we obtain is then shown to be the minimal TDD computing the303

same Boolean function.304

We fix a vtree T over variables X and a TDD C respecting T . Let t1 be a node of T that305

is not the root of T , let t be its parent and t2 its sibling. For a t1-node g1 and a t-node g, we306

define the siblings of g1 with respect to g, denoted by sib(g1, g) to be {g2 | (g1, g2) ∈ E(g)},307

i.e., the set of t2-nodes that appear together with g1 in the inputs of g.308

We say that two t1-nodes g1, g′
1 are twins if for every t-node g, we have sib(g1, g) =309

sib(g′
1, g). For twins g1 and g′

1, we define the twin contraction of g1, g′
1 to be the operation310

where we replace g1, g′
1 in C by a new gate vg1,g′

1
such that E(vg1,g′

1
) = E(g1) ∪ E(g′

1).311

Moreover, for any t-node g, we replace any pair of the form (g1, g2) in E(g) by (vg1,g′
1
, g2) and312

remove every pair of the form (g′
1, g2). Observe that since g1 and g′

1 are twins, (g1, g2) ∈ E(g)313

if and only if (g′
1, g2) ∈ E(g) by definition. Intuitively, two nodes are twins if the way they314

are used by the rest of the circuit is completely the same, hence contracting them does not315

change the function computed by the circuit.316

▶ Example 6. Top of Figure 6 depicts a TDD with two nodes n1 (orange) and n2 (green)317

that are twins. It can be checked because sib(n1, p1) = {s3} = sib(n2, p1) and sib(n1, p2) =318

sib(n2, p2) = {s2}. Observe, however, that n1 and n3 (blue) are not twins. Indeed, even if319

sib(n1, p1) = {s3} = sib(n3, p1), we have sib(n3, p2) = {s1, s2} ≠ sib(n2, p2). We can hence320

contract n1 and n2 into a single node n1,2 as depicted in the bottom of Figure 6. We will see321

that this results in a canonical TDD since no other pairs are twins.322

▶ Lemma 7 (⋆). After contracting a pair of twins, the function computed by a circuit is not323

changed. Moreover, the circuit is still a TDD.324

We now define m(C) to be the circuit obtained by the following transformation: first, if r is325

the root of T , we remove every r-node but out(C). We also remove every node that is not326

connected to the output of the circuit by a path. This does not change the function computed327

by C since these gates are not used in any certificate. We then apply twin contraction to328

C until no twins exist anymore. This process terminates since the number of nodes in C329

decreases by 1 with each contraction. Moreover, identifying and contracting twins can be330

done in polynomial time, hence we can construct m(C) in polynomial time. We now prove331

that m(C) is minimal and canonical by semantically characterizing the t-nodes of m(C).332

We will describe the gates of m(C) from the subfunctions they compute, which is similar333

to the description of canonical OBDD [34]. A subfunction of f induced by Y , or Y -subfunction334

for short, is a Boolean function over X \ Y of the form f [τ ] for some τ ∈ 2Y . Observe that f335

has at most 2|Y | ≤ 2|X| distinct Y -subfunctions, but it could have fewer. Indeed, two distinct336

assignments τ1, τ2 ∈ 2Y could be such that f [τ1] and f [τ2] have the same models over 2X\Y ,337
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t1 t2

t3

x1 ¬x1 x2¬x2 x3 ¬x3 x4 ¬x4

n1n2n3 s1 s2 s3

p1p2

t1 t2

t3

x1 ¬x1 x2¬x2 x3 ¬x3 x4 ¬x4

n1,2n3 s1 s2 s3

p1p2

Figure 6 A TDD with two twins (top) and resulting TDD after contraction (bottom).

hence defining the same subfunction. A subfunction is said to be non-trivial if it has at338

least one model. Given a vtree T and a node t of T , we will mostly be interested in the339

Xt-subfunctions of f . For example, consider the Boolean function PARITY X whose models340

are the assignments of X having an even number of variables set to one and let Y ⊆ X.341

Then PARITY X has two Y -subfunctions: indeed, if τ ∈ 2Y sets an even number of variables342

to 1, then PARITY X [τ ] = PARITY X\Y . Otherwise PARITY X [τ ] = ¬PARITY X\Y .343

Now, we observe that a t-node in a TDD C naturally defines an Xt-subfunction. Indeed,344

if τ1, τ2 are two models of a t-node g and τ is a model of C such that τ |var(g) = τ1, then we345

can change the value of τ over var(g) to τ2, and it remains a model of C because we only346

change the part of the certificate of τ below g. Hence, we have:347

▶ Lemma 8 (⋆). For a vtree node t of T and g a t-node of C, let τ1, τ2 be two models of g.348

We have that fC [τ1] and fC [τ2] define the same Xt-subfunction, denoted by subg. Moreover,349

for every model τ of C such that g is in the certificate of τ , τ |X\Xt
is a model of subg.350

By Lemma 8, we can map every t-node g of C to an Xt-subfunction subg of fC defined351

as fC [τ ] for some arbitrary model τ of g. This directly gives a lower bound on the number352

of t-nodes in a TDD representing a Boolean function f : it must be at least the number of353

non-trivial Xt-subfunctions of fC . Indeed, if τ1, τ2 ∈ 2Xt are such that fC [τ1] and fC [τ2]354

define two distinct Xt-subfunctions, then they cannot be models of the same t-node. Now,355

if fC [τ1] is non-trivial, then there must be a t-node g1 such that τ1 is a model of g1, since356

there exists at least one σ ∈ 2X\Xt such that σ × τ1 is a model of C. Similarly, if fC [τ2] is357

non-trivial, there is a t-node g2 such that τ2 is a model of g2. Since subg1 ̸= subg2 , we have358

at least one gate per non-trivial Xt-subfunction of fC .359

▶ Theorem 9. Given a Boolean function f over variables X and a vtree T over X, the360

smallest TDD computing f has at least St t-nodes for every node t of T where St is the361

number of non-trivial Xt-subfunctions of f .362

The following proves that m(C) matches the lower bound from Theorem 9. The proof boils363

down to showing that if there are more than St number of t-nodes, then by the pigeonhole364
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principle, two t-nodes must be mapped to the same subfunction and thus can be merged. If365

t is the shallowest node where it happens, we can show that such t-nodes must be twins.366

▶ Theorem 10 (⋆). Let T be a vtree over X and C a TDD. Then m(C) has exactly St367

t-nodes, where St is the number of non-trivial Xt-subfunctions of fC .368

Theorems 9 and 10 together prove that m(C) has minimal size. Moreover, this minimal369

circuit is unique because each gate is uniquely defined by the Xt-subfunction it computes.370

TDD can therefore be minimized in polynomial time to a canonical minimal circuit. The371

time needed to compute m(C) is polynomial in the width k of C and linear in the number of372

variables. Indeed, removing non-accessible nodes can be done in time linear in |C| ≤ k2|X|.373

Contracting twins in a t-node can be done in time polynomial in the number of t-nodes,374

that is, in polynomial time in k, and we have to do it for every node t of T and there are375

at most 2|X| such nodes. The exact complexity of the minimization depends on the data376

structures used to represent t-nodes and their inputs. We leave fine-grained analysis for377

practical implementations.378

▶ Theorem 11. Given a TDD C of width k over variables X, we can compute a minimal379

canonical representation m(C) of C in time poly(k) · |X|.380

Learnability. An interesting application of canonicity is that it allows us to design efficient381

L∗-style learning for TDD, as for finite automata and OBDD [5]. This result is framed in382

the Minimally Adequate Teacher model: there is a hidden Boolean function f : 2X → {0, 1}383

which the learning agent can only access via two types of queries: membership queries, in384

which it tests some assignment on X, and an oracle answers whether it is a model or not;385

and equivalence queries, in which the agent tests a TDD, and an oracle answers whether it386

represents f , and in the negative case provides a counterexample. The goal of the process is387

to construct a minimal size TDD for f with a low number of queries.388

▶ Proposition 12 (⋆). Fix a vtree T on X. There is an algorithm that learns the canonical389

TDD C respecting T in polynomial time in |C| and with a polynomial number of oracle calls390

to membership and equivalence queries.391

6 Bottom up compilation392

The tractability (∧BC) for TDDs gives a natural algorithm for compiling a CNF formula into393

a TDD, whose pseudo-code is given in Algorithm 1. The idea is to order the clauses of F as394

c1, . . . , cm, build a TDD Ti computing ci for every i ≤ m and then, iteratively construct a395

TDD Ci computing Fi := c1 ∧ · · · ∧ ci by observing that Fi = Fi−1 ∧ ci, using the algorithm396

for bounded conjunction. In the worst case, we could have |Ci| = |ci| · |Ci−1|, leading to an397

exponential blow-up in the size of the circuit. To avoid this if possible, we minimize the398

circuit after each conjunction. The only missing piece here is the fact that we can efficiently399

construct a TDD given a clause c. This can be done with a TDD of width 2. For every node400

t of the vtree T , we have two t-nodes. One computes ct := c|var(t) and the other computes401

dt := (¬c)|var(t). The circuit is constructed by induction using the fact that, if t has children402

t1, t2 then dt = dt1 ∧ dt2 and ct = (ct1 ∧ ct2) ∨ (ct1 ∧ dt2) ∨ (dt1 ∧ ct2).403

This kind of algorithm is usually referred to as “bottom-up compilation” and has been used404

for OBDD [35] and SDD [16]. In this section, we investigate the complexity of Algorithm 1405

depending on the structure of the input CNF formula. We recover in a clean and modular406

way the fact that CNF formulas having bounded primal or incidence treewidth have TDDs407

of FPT size [12] and are able to easily generalize to bounded treewidth circuits [13, 4].408
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Algorithm 1 Bottom-up compilation into TDD.
Input: A CNF formula F = c1 ∧ · · · ∧ cm, a vtree T over var(F ).
Output: A TDD computing F respecting T .

1: procedure CNF-to-TDD(F , T )
2: C ← TDD computing 1 respecting T

3: for i = 1 to m do
4: D ← TDD computing ci

5: C ← construct a TDD for C ∧D

6: minimize(C)
7: return C

To this end, we use the notion of factor width [13]. Given a Boolean function f and a409

vtree T over X, Theorems 9 and 10 allow us to prove that the size of the smallest TDD410

for f respecting T is equal to
∑

t St where the sum is over every node t of T and St is the411

number of non-trivial Xt-subfunctions of f . Hence, the factor width of f with respect to T ,412

fw(f, T ) for short, is defined as maxt St where the maximum is over all nodes t of T [13].413

From what precedes, we know that the smallest TDD computing f and respecting T has414

width fw(f, T ) and size O(|X| · fw(f, T )) since T has at most 2|X| − 1 nodes. Factor width415

thus provides a good proxy for the size of the smallest TDD computing f . We also define416

the factor width of f to be minT fw(f, T ), where T goes over every vtree over the variables417

X (the definition of factor width from [13] allows vtrees over variables Z ⊇ X but these418

extra variables do not change the value of fw(f)). We slightly abuse notation and for a given419

CNF formula F and a vtree T over var(F ), write fw(F, T ) to denote the factor width of the420

Boolean function represented by F with respect to T . We can then bound the runtime of421

Algorithm 1 as follows:422

▶ Theorem 13 (⋆). Given a CNF formula F , a vtree T over variables X and an order423

c1, . . . , cm on the clauses of F , Algorithm 1 runs in time m · |X| · poly(k) where k =424

maxm
i=1 fw(c1 ∧ · · · ∧ ci, T ).425

The proof of Theorem 13 is based on the fact that minimizing a TDD C can be done in time426

|X| · poly(w) where w is the width of C. Similarly, computing a TDD for C ∧D can be done427

in time |X| · poly(w). The result follows from the fact that the width of every intermediate428

circuit built in the main loop of Algorithm 1 will never exceed k. We now explore a few429

applications of Theorem 13.430

Bounded primal and incidence treewidth. CNF formulas of bounded primal or incidence431

treewidth have long been known to be tractable. It has long been known that SAT can be432

solved in time 2O(k)∥F∥. The earliest reference of this fact seems to be in a paper by Dantsin433

from 1979 [18], though it is not specifically stated with the treewidth terminology, later434

improved by Alekhnovich and Razborov [1, 2], where the result is expressed in terms of the435

equivalent branch-width measure, and Szeider [37]. The generalization for the tractability436

of #SAT has first been observed by Sang, Bacchus, Beame, Kautz, and Pitassi in [32] and437

later generalized to the case of incidence treewidth by Samer and Szeider [31]. The existence438

of small d-DNNFs for such formulas is implicit in Darwiche’s early contribution [19] and439

explicit in a collaboration with Pipatsrisawat [27] for primal treewidth. The case for incidence440

treewidth has been formally proven along more general results in [12]. We revisit these441

results by showing that such formulas have small factor width. More precisely:442
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▶ Theorem 14 (⋆). Given a CNF formula F and a tree decomposition T of Prim(F ) of443

width k, we can construct a vtree T over var(F ) such that for every F ′ ⊆ F , fw(F ′, T ) ≤ 2k.444

▶ Theorem 15 (⋆). Given a CNF formula F and a tree decomposition T of Inc(F ) of width445

k, we can construct a vtree T over var(F ) such that for every F ′ ⊆ F , fw(F ′, T ) ≤ 2k.446

We give an intuition on the proof of Theorem 14. For a node t of T , let Yt be the set of447

variables of F appearing in a bag below t. We claim that F has at most 2k Yt-subfunctions.448

Indeed, assume that a clause c of F has variables both in Yt and in X \ Yt. Then we must449

have var(c) ∩ Yt ⊆ Bt, where Bt is the bag at node t of T . Let τ ∈ 2Yt . Remove from F [τ ]450

every clause already satisfied. Then F [τ ] contains either clauses without variables in Yt451

and clauses having both in Yt and in X \ Yt. From what precedes, var(c) ∩ Yt ⊆ Bt, hence452

F [τ ] = F [τ |Bt
]. Hence there are at most 2|Bt| ≤ 2k Yt-subfunctions. This proof works for453

every F ′ ⊆ F . It remains to build a vtree which induces roughly the same partitions as Yt,454

see [15].455

The case of incidence treewidth is very similar. In this case however, a Yt-subfunction456

induced by an assignment τ ∈ 2Yt is completely defined by the subset of clauses in Bt that457

are satisfied by τ and by the value of τ in Bt ∩X. It still gives at most 2k Yt-subfunctions.458

The new connection established by Theorems 14 and 15 allows us to nicely recover the459

tractability results discussed before. Indeed, it is straightforward to see that if a CNF460

formula has primal or incidence treewidth k, then every sub-formula of F has treewidth461

at most k. Hence, the bottom-up compilation to TDD from Algorithm 1 runs in time462

poly(2k) ·mn = 2O(k) ·mn on a formula with n variables, m clauses and of primal or incidence463

treewidth k by Theorem 13, as long as we start from the vtree given by Theorems 14 and 15.464

▶ Theorem 16. Given a CNF formula F of primal or incidence treewidth k, one can465

construct a TDD of width at most 2k computing F in time 2O(k) ·mn.466

Algorithm 1 gives a conceptually simpler algorithm than the bottom-up dynamic pro-467

gramming on tree decomposition from [31] and serves as a nice example of the power of468

TDDs and minimization. The complexity of this approach is however not as good as earlier469

work where the dependency on the size of the CNF formula is linear. Maybe it can be fixed470

by minimizing the circuits while computing C ∧D in Algorithm 1 and to have a dedicated471

algorithm to compute C ∧ D in the case where D represents a clause but we leave this472

question for further investigation.473

Circuit treewidth. Another interesting application of Algorithm 1 is related to the com-474

pilation of bounded treewidth Boolean circuits, which can be seen as a generalization of475

incidence treewidth. The treewidth of a Boolean circuit C is defined as the treewidth of476

its underlying graph. For the notion to make sense, one needs to first assume that for any477

variable x ∈ X, there is at most one input of the circuit labeled by x. From [13], we know478

that the factor width of a Boolean circuit of treewidth k is bounded by 22O(k) . We improve479

to 3k+2, getting a single exponential in k and show that bottom-up compilation can be used480

to recover a result from [4] showing that bounded treewidth circuit can be compiled into481

structured d-DNNF of size 2O(k)|C|. For a Boolean circuit, a subcircuit C ′ of C is a subset482

of nodes and edges of C forming a valid Boolean circuit (that is, its inputs are labeled with483

variables).484

▶ Theorem 17 (⋆). Let C be a Boolean circuit over variables X and let T be a tree485

decomposition of C of treewidth k. We can construct a vtree T such that for every subcircuit486

C ′ of C computing a function f ′, we have fw(f ′, T ) ≤ 3k+2.487
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It gives a straightforward way of constructing a TDD of size 2O(k)|C| computing fC from488

a tree decomposition T of treewidth k of a Boolean circuit C. We first extract a vtree T as489

in Theorem 17 and, for every gate g of C, we build a TDD Tg computing the same Boolean490

function as g. For example, for a ∧-gate g of C with input g1, . . . , gp, construct Tg as follows:491

inductively construct Tg1 , . . . , Tgp
, then iteratively build ((Tg1 ∧ Tg2) ∧ Tg3) ∧ · · · ∧ Tgp

. For492

every i ≤ p, the circuit having g as output and g1, . . . , gi as input is a subcircuit of C, hence493

the resulting intermediate TDD have width at most 3k+2. We proceed similarly for ¬-gates494

and ∨-gates. Since computing an optimal tree decomposition can be done in FPT linear495

time [9], we have:496

▶ Theorem 18. Given a Boolean circuit C of treewidth k, we can compute a vtree T and a497

TDD respecting T computing fC of width 2O(k) and in time 2O(k) · |X| · |C|.498

Treewidth is not the most general parameter for which we can build polynomial-size499

d-DNNF. CNF formulas of bounded MIM-width, for example, may have unbounded treewidth500

but have polynomial-size deterministic DNNF circuits [12, 30]. That said, it is not clear501

whether they have bounded factor width. Such a result would allow to show that Algorithm 1502

works in polynomial time on bounded MIM-width instances, simplifying the convoluted503

algorithm from the literature. We leave the study of such graph measures for future work.504

7 Comparing TDD with other data structures505

OBDD. Tractable queries and transformations for TDD are similar to those for OBDD.506

We can actually see OBDD as a particular subclass of TDD where the underlying vtree507

T is linear, that is, for every internal node t of T , one child of t is a leaf. A linear vtree508

T over variables X naturally induces an order πT = (x1, . . . , xn) on X defined as follows:509

x1 is the leaf attached to the root of T , and (x2, . . . , xn) is the order induced by the other510

subtree attached to the root. Similarly, an order π = (x1, . . . , xn) can be mapped naturally511

to the linear vtree Tπ defined as the vtree whose root has one leaf child labeled by x1, and512

its other child is the vtree for the order (x2, . . . , xn). For an order π = (x1, . . . , xn), we let513

π−1 = (xn, . . . , x1). The class of TDD with linear vtrees corresponds exactly to OBDD in514

the following sense:515

▶ Theorem 19 (⋆). Given an OBDD C over variables X and order π = (x1, . . . , xn), one can516

construct an equivalent TDD respecting Tπ−1 of size at most 3|C| in time O(|C|). Similarly,517

let T be a linear vtree and C be a TDD respecting T . Then one can construct an equivalent518

OBDD in time O(|C|) respecting order π−1
T .519

The proof of Theorem 19 mainly boils down to rooting an OBDD in its 1-sink, as520

illustrated in Figure 7. We observe however that Theorem 9 offers a way of getting the521

correspondence of Theorem 19 in a non-constructive way. Indeed, it is known [24] that the522

width of the minimal OBDD is exactly the maximum number of subfunctions one can get523

by fixing variables x1, . . . , xi for some i ≤ n. This exactly corresponds to the number of524

subfunctions we can have with a linear vtree. The previous constructions can be extended to525

the case of non-deterministic TDD and non-deterministic OBDD.526

OBDDs are however weaker than TDDs. This follows as a corollary of [29] and Theorem 16.527

In [29], Razgon proves that there is a family of CNF formulas (Fn)n∈N where Fn has n variables528

and treewidth O(log n) such that every OBDD representing Fn must have size nΩ(log n), while529

Theorem 16 shows that such instances have polynomial-size TDD representation.530
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𝑥3¬𝑥3

𝑥2¬𝑥2 𝑥1 ¬𝑥1

Figure 7 An OBDD (left) represented as a TDD (right). The output of the TDD is represented
in green, and each node t of the vtree is made explicit by a rectangle around t-nodes.

▶ Theorem 20. There exists a family (Fn)n∈N of CNF formulas such that Fn can be531

represented by a polynomial-size TDD while every OBDD representing Fn has size at least532

nc log n for some constant c.533

The separation given by Theorem 20 is only quasi-polynomial, and one can wonder534

whether a truly exponential separation is possible. It may seem possible that TDDs can535

be quasi-polynomially simulated by OBDDs, in the same way FBDDs quasi-polynomially536

simulate decision-DNNF circuits [8]. We leave this question for future investigation.537

Deterministic DNNF. As we have already observed, TDD is a subclass of structured538

deterministic DNNF. We show in this section that structured deterministic DNNF may be539

exponentially smaller than TDD. To do so, we are interested in the Hidden Weighted Bit func-540

tions, which are known to be hard for OBDD [41]. Given n ∈ N, define HWBn(x1, . . . , xn) = 1541

if and only if the value assigned to xS is 1, where S =
∑n

i=1 xi. The Boolean function542

HWBn can easily be computed by a structured d-DNNF, by first guessing the number S543

of variables set to 1 and then checking that this is indeed the case and that xS = 1 with a544

small OBDD. However, HWBn does not admit polynomial-size OBDD [41]. We adapt the545

HWBn lower bound for OBDD to TDD. The proof relies on adapting [41, Lemma 4.10.1].546

In a nutshell, this lemma shows that if we pick Y ⊆ {x1, . . . , xn} of size n/2, then HWBn547

has an exponential number of Y -subfunctions. We generalize it to show that if Y has size548

between n/3 and 2n/3 then we still have an exponential number of Y -subfunctions. We then549

apply the lemma by finding a node t in the vtree such that Xt has size between n/3 and550

2n/3 which gives an exponential lower bound on the size of a TDD computing HWBn.551

▶ Theorem 21 (⋆). Let n ∈ N be a multiple of 7. Then fw(HWBn) ≥ 2cn for some constant c.552

In particular, any TDD computing HWBn has size at least 2cn.553

SDD. TDDs and SDDs have a lot in common: they are both restrictions of structured554

deterministic DNNF with canonical representations, efficient negations and efficient apply.555

Bova [11] proved that HWBn can be computed by an SDD of size O(n3). He also556

constructs a Boolean function F (X, Y ) such that F (X, 1, . . . , 1) = HWBn(X) which has a557

compressed SDD of size O(n3). This establishes:558

▶ Theorem 22. Compressed SDD cannot be polynomially simulated by TDD.559

The other way around, it turns out that we can always simulate a TDD by a polynomial-size560

SDD. If we allow encoding variables, since a TDD and its negation are both polynomial-size561
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structured d-DNNFs, it follows by [10, Theorem 1]. We show below that this is possible even562

without the encoding variables:563

▶ Theorem 23 (⋆). Given a TDD C respecting vtree T , one can construct a vtree T ′ and an564

SDD C ′ respecting T ′ such that C ′ computes the same function as C and |C ′| = O(|C|2).565

The resulting SDD, whose construction is given in [15], does not respect the same566

vtree as the original TDD. This is unavoidable. Indeed, consider the Multiplexer function567

MUXn(x0, . . . , xk−1, y0, . . . , yn−1) which has k + n variables where n = 2k and is satisfied if568

and only if y[x]2 = 1 where [x]2 =
∑k−1

i=0 xi ·2i. Let π be the order (x0, . . . , xk−1, y0, . . . , yn−1).569

It is not hard to see that there is an OBDD respecting π of size O(n) computing MUXn [41,570

Theorem 4.3.2]. Hence, there is an SDD of size O(n) respecting Tπ computing MUXn.571

However, one can also prove that any OBDD respecting π−1 and computing MUXn must572

have size 2n. Indeed, we have one Y -subfunction per assignment of the Y variables: if573

τ, σ ∈ 2Y are distinct, then let yi be such that, wlog, 1 = τ(yi) ̸= σ(yi) = 0. Then574

MUXn[τ ] ̸= MUXn[σ] because they differ on αi, the assignment of X variables encoding i in575

binary. In other words, every SDD respecting Tπ−1 and computing MUXn must have size 2n.576

But there is a TDD of size O(n) computing MUXn and respecting Tπ−1 by Theorem 19.577

We note however that the construction from Theorem 23 does not give a compressed,578

hence not canonical, SDD. It is not clear whether we can always build a polynomial-size579

canonical SDD equivalent to a given TDD. We leave open the question of comparing canonical580

SDD and TDD.581

8 Conclusion582

In this paper, we have introduced a new data structure for representing Boolean functions583

that offers advantages similar to OBDD but can handle bounded treewidth instances. The584

main advantage of these data structures over the existing ones such as d-DNNF or SDD585

is that they can be minimized into a canonical circuit for which the size and width can be586

easily understood. While SDDs also have canonical representations, those are not minimal,587

and the canonical representation may be exponentially larger than the minimal one [38]. Our588

approach allows us to recover compilation results in a clean and modular way.589

Several research directions remain concerning TDD. First, it would be interesting to590

implement a bottom-up compiler with TDD as a target language and perform a comparison591

with OBDD and SDD compilers. To make TDD competitive, it might be necessary to592

study a variant that is non-smooth, i.e., allowing t-nodes to have as inputs u-nodes where593

u is a descendant of t in the vtree but not necessarily a child. While this can only lead to594

polynomial size gains, it could make a big difference in practice. Second, and related to595

this, the question of finding a good vtree in practice remains open. The SDD compiler uses596

local changes in the vtree to find a better one, and adapting it to TDD may be promising.597

Vtree changes for the related model of probabilistic circuits have also been studied [42].598

Generally, we think it would be useful to understand the complexity of transforming a TDD599

respecting vtree T into an equivalent canonical TDD respecting vtree T ′, measured in the600

input and output size. Finally, an interesting application of TDD that we feel is worth601

exploring is extending bottom-up compilation to the setting of [22] where a conjunction of602

constraints represented as OBDDs is compiled into a d-DNNF. When the incidence graph of603

this conjunction has bounded incidence treewidth, and the constraints can be represented by604

OBDDs with any order, then it is possible to construct an FPT size d-DNNF. It seems that605

if the constraints are all represented by TDDs using the same vtree, a bottom-up compilation606

could give similar and slightly more general results.607
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